We define the concept of a k-twisted chain in a (directed) graph and the concept of a 2k-twisted graph. We show that for a 2k-twisted graph the set of algebraic 2k-twisted cycles is an integral spanning set for the integral flow module of G. Since a graph is O-twisted if and only if it is strongly connected, our result generalizes the well-known theorem that there is a basis for the flow space of a strongly connected graph consisting of algebraic circuits.
INTRODUCTION
It is the purpose of this note to formalize the notion of the number of twists in a chain in a directed graph and then to generalize a theorem on strongly connected graphs to graphs we call 2k-twisted .
. Intuitively, a chain in a directed graph is obtained by putting a pointer at a vertex and moving it in the direction or against the direction of a connected sequence of arcs to another vertex. Each change of direction is a twist. In this paper we formalize the notion of chains with at most k twists, in other words we define the concept of a k-twisted chain. In particular, a circuit (directed cycle) is aO-twisted cycle.
. . We also formally define a 2k-twisted graph as a graph such that for every pair of vertices there exists a 2k-twisted closed chain through the given vertices. Thus a graph is O-twisted if and only if it is strongly connected.
In many papers in graph theory a chain is identified with an algebraic chain (i.e. a vector) corresponding to it. However, as we show by an example, two chains with different numbers of twists may correspond to the same algebraic chain and thus we must maintain a distinction between chains and algebraic chains.
Our main result asserts that for a 2k-twisted graph the set of algebraic 2k-twisted cycles is an integral spanning set for the integral flow module of G, i.e. every algebraic closed chain is an integral linear combination of algebraic cycles corresponding to 2k-twisted cycles. As a corollary, we obtain the existence of a basis for the flow space consisting of algebraic 2k-twisted cycles. This corollary generalizes the well-known theorem that there exists a basis for the flow space of a strongly connected graph consisting of algebraic circuits, e.g. Berge [1, p. 29] .
There is a known converse for our main result in the case k = O. However for k > 0 the converse fails as is shown by an example. In fact, one would not expect all results for strongly connected graphs to generalize to · 2k-twisted graphs since a chain obtained by concatenation of two k-twisted chains with positive initial signs may not be k-twisted if k > O. So the natural transitive relation which occurs in the case k = 0 has no generalization.
The proof in [1] of the result quoted above shows more: For a strongly connected graph there exists a set of linearly independent algebraic circuits such that every element of the integral flow module is an integral linear combination of these algebraic circuits. We do not know if our result for 2k-twisted graphs can be strengthened in a similar manner. r We were led to these investigations by an application of 2-twisted graphs to a problem . concerning the extremal case of a classical inequality on the inverse of H-matrices due to Ostrowski [4] , which has been studied by Neumaier [3] . The application will appear elsewhere. We note that a graph is O-twisted if and only if it is strongly connected. if DEFINITION 2.8. Let G be a graph. If Y is a chain in G then the algebraic chain corresponding to y (or arising from y) is a vector a(y) indexed by the arc set E and with integer components defined as follows:
(a) a(0) = 0, the zero vector. (d) Let X be an integral spanning set for J( G). Then X is called an integral basis for F( G) if the elements of X are linearly independent over the rationals.
An example of a strongly connected graph G and a basis of algebraic circuits for F(G) which is not an integral basis is given in Saunders-Schneider [5, Comment 5.2].
Normally, one does not distinguish between chains and algebraic chains, e.g. Berge [1, p. 12]. However, we now give an example of two chains with different numbers of twists whose algebraic chains coincide. Thus it is necessary to distinguish between chains and algebraic chains when considering 2k-twisted graphs.
In examples below we write i -+ j for the chain (i, 1, j) and i +-j for the chain (i, -1, j) and we extend this notation to chains of length greater than 1. Intuitively, i -+ j is a step from ito j along arc (i, j) and i +-j is a step from ito j along arc (j, i). 2) and (3.3) , respectively. Observe that PROOF. Let y be given by (3 .7). The proofis by inducation on the length q ofy. If q = 1, 2 the result is immediate. Assume that q > 2 and that our assertion holds for closed chains of length less than q. If y is a cycle then the result is again immediate. Otherwise, in view of Remark 3.6 we may assume without loss of generality that there exists t, 0 < t < q such that (j = (io, e l , il> . . . , e" i,) is a cycle. We may write a(y) = a«(j) + a(v), where v = (i" e'+1> i,+I , ... , e q , io) is a closed chain of length less than q. Since v has a twist at p,l ~p < q -t,ifan onlyify has a twist atp + t, it follows thatt(v) ~ t(y) + 1. But, since a closed chain has an even number of twists, we deduce that t(v) ~ t(y) ~ 2k. Similarly we show that t«(j) ~ t(y) ~ 2k. By the inductive assumption a(v) is an integral linear combination of algebraic chains which arise from 2k-twisted cycles. Our claim now follows. THEOREM 3.9 . Let G be a 2k-twisted graph. Then the set of algebraic 2k-twisted cycles is an integral spanning set for the integral flow module J( G).
PROOF. In view of Lemma 3.8, it suffices to show that every algebraic cycle a(a) with In either case we have a(a) = a(l5 l ) -a(15 2 ) and the result is proved.
The following converse of Theorem 3.9 for the case k = 0 is well-known and can be proved easily. However, for k > 0 we have no similar converse. Intuitively, we may tie together two exactly 2k-twisted cycles to form a connected graph which is t-twisted only for t ~ 4k. We construct an explicit example only for the case k = I, but there is no difficulty in modifying it for the case of general positive k; . We remark that the set of all algebraic exactly 2k-twisted cycles may be a non-spanning set for the integral flow module (or the flow space) of a 2k-twisted graph G, as demonstrated by the following example. EXAMPLE 3.12 Let the vertices ofG be 1,2,3,4,5,6,7, and let the arcs ofG be (I, 3), (2, 1), (3, 2) , (3, 4) , (3, 5) , (4, 5) , (5, 6 ), (6, 7), (7, 5) .
Observe that G is a 2-twisted graph (but not O-twisted). Let a be the cycle 3 -+ 4 -+ 5 +-3 and let P be the cycle 1 -+ 3 -+ 2 -+ 1. Since a(a) and a(a*) are the only algebraic exactly 2-twisted cycles, it follows that a(p) is not a linear combination of algebraic exactly 2-twisted cycles.
By a standard result in linear algebra, the following corollary is·an immediate consequence of Theorem 3.9. COROLLARY 
Let G be a 2k-twistedgraph. Then there exists a basis for theflow space F(G) consisting of algebraic 2k-twisted cycles.
However, the question whether there always exists an integral basis for F(G) consisting of algebraic 2k-twisted cycles is still open.
